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Question §

Consider the differential equation % = e’ (3}:2 - Gx). Let y = f(x) be the particular solution to the

differential equation that passes through {1, 0).

(a) Write an equation for the line tangent to the graph of [ at the point (1, 0). Use the tangent line to
approximate f(1.2).

(by Find y = f(x}, the particular solution to the differential equation that passes through {1, 0).

=eG(3'12w6'1):~3 1: d—yatthepoiut (x, ) =(L0)

(x, 1)=(1,0) 3 e .
1 : tangent line equation

I : approximation

An equation for the tangent line is ¥ = -3{x —]).

FL2)x -3(12-1) =06

{b) %—» = (Bx2 - 6x) d 1 : separation of variables
€ d , 2 anfiderivatives
I;:j(h ——6x)dx 6

. <} constant of intepration
} 1 : uses nitial condition

—e Y =x3 3t 4 C

=P 31040 = C=1
—e =t =30 ] Note: max 3/6 [1-2-0-0-0] if no constant of
e = —x? +3x% -1 integration

-y = In(—x3 +3x? wi)

L 1:solvesfor y

Note: 0/6 if no separation of variables
Y= —ln(wx3 +3x% - 1)

Note: This solution is valid on an interval containing

x =1 for which —x° + 3x% =1 > 0.
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Question 5
The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its

current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(r) is the weight of the
bird, in grams, at time ¢ days after it is first weighed, then

T 3(100 -B)
Let y = B(r) be the solution to the differential equation above with initial condition B(0) = 20.
{a) Is the bird gainmg weight faster when it weighs 40 grams or when it B
weighs 70 grams? Explain your reasoning. oot
2 2 £
{b} Find C;f in terms of 8. Use fi—f to explain why the graph of B &
1 i E
cannot resemble the following graph. j.
{c) Use separation of variables to find p = B(r), the particular solution to 0
the differential equation with initial condition B(0) = 20, I
Tinwe (days)
Bl _ Loy uses 48
(a) - famm = 5}(60) =12 | 5. I uses 7
I : answer with reason
dB _ 1 _
Foo =300
dB dB e
Because —— — , the bird is gaining
dt | gegy  dl| garo samne

weight faster when it weighs 40 grams.

5 2
b LB __1dB_ 1i(100_3)__m__,§_5_(100_3) L8 G emms of B

djz _Wﬁwg’}“"m?S 2 ) d[-2
Therefore, the graph of B is concave down for 1 : explanation
20 £ B < 100. A portion of the given graph is
concave up. '

(©) Cé—? = %(IOO - B) 1 : separation of variables
1 : antiderivatives

S N

160 — B [ 5. < 1 constant of integration
—In[100 - B| = it i C ! 1 : uses initial condition

5 _ i 1 :solvesfor B
Because 20 £ B < 100, [1(}0 - B| =100 - B,
~In (100 - 20) = 1(0) +C = -In(@B0)=C Note: max 2/5 [1-1-0-0-0] if no constant of
5 integration

100 - B = 80¢™/*
B(1) = 100 ~80¢5, 120 Note: 0/5 if no separation of variables
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Question 5

At the beginning of 2010, a landfill contained 1400 tons of solid waste. The increasing function # models
the total amount of solid waste stored at the land{ill, Planners estimate that W will satisfy the differential

. dw
cquation

7;— = %(W ~ 300} for the next 20 years. W is measured in tons, and ! is measured in years from

the start of 2010,

(a)

(b)

©)

Use the line tangent to the graph of W at ¢ = 0 to approximate the amount of solid waste that the landfill

contains at the end of the first 3 months of 2010 (time 7 = %),

2 2
d f;_V interms of W, Use d ZF
dr a

Find to determine whether your answer in part {a) is an underestimate or
an overestimate of the amount of solid waste that the landfill contains at time ¢ = é—

Find the particular solution # = W (¢) to the differential cquation 6;—1/? = %(W - 300) with initial
condition W {0) = 1400.

(@)

(b)

D L w(0) - 300) = (1400 - 300) = AW
il " 25(W(o) 300) = 55(1400 - 300) = 44 5. Jl. g =0
The tangent line is y = 1400 + 441, l 1 answer

] 1\
W(«Z) ~ 1400 + 44(3) = 1411 fons
aw 1 aw 1 &
PGy, . S - —_ - .
el Lo o5 (7 = 300) and I 2 1400 ,. L o~

2y I . answer with reason
Therefore d ZV >0 onthe interval 0 <1 < %
The answer in part (a) is an underestimate.
{c) % = -21_‘3(W —300) 1 : separation of variables
i . 1 : antiderivatives
A= (L : R
W 300 = ) ag @ 3 1< 1:constant of integration
1 I : uses initial condition
| —300| = —ft+C
| | 25 1 : solves for B

In (1400 - 300) = 5(0) + € = (1100) = C

1
bt}
W — 300 = 1100e*

L
W(t) =300 +1100e?

s

Note: max 2/5 [1-1-0-0-0] if no constant of
integration
Note: 0/5 if no separation of variables

<20
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Solutions 1o the differential equation

particular solution to the differential equation

(a) Write an equation for the line tangent to the graph of y

2010 SCORING GUIDELINES

dy

dx

AP® CALCULUS AB

Question 6

-‘-‘ﬂ"‘my =

dx?

xy3 also satisfy
% = xy3 with f(1) = 2,

J{x)at x=1

y3(1+3x2_v2). Let y= f(x) bea

(by Use the tangent line equation from part (a) to approximate f(1.1). Giventhat f(x)> O forl<x < 1.1, is
the approximation for f(1.1} greater than or less than f{1.1) ? Explain your reasoning.

()

Find the particular solution y = f(x) with initial condition f(1} = 2.

{a)

(b)

(c)

, dy
S == =
dx (. 2)

An equation of the tangent lineis y = 2+ 8{x - 1).

F(1.1) =28

Since y = f(x) > 0 ontheinterval 1 € x < 1.1,

dx

Therefore on the interval 1 < x < 1.1, the line tangent to the
graphof y = f(x) at x =1 lies below the curve and the
approximation 2.8 is less than f(1.1).

—%dy=fxa’x
¥
1 x* :
—— =
2_\:2 2
| L __5
—2.22—24—6:3@- g
¥ =t
4
2 -5 V3
f(x)= , <X —
V5 — 4x? 2 2

d’y _ 3 2 2 .
— = (l +3x7y ) > 0 on this interval.

© 2010 The College Board.
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T AnsSwer

; approximation
: conclusion with explanation

: separation of variables
: antiderivatives

: constant of integration
: uses initial condition

: solves for v

Note: max 2/5 [1-1-0-0-0] if no

constant of integration

Note: 0/35 if no separation of variables
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Question 5
Consider the differential equation L =X 1.
de y
(a) On the axes provided, sketch a slope field for the given differential equation at the ¥
twelve points indicated, and for —1 < x < 1, sketch the solution curve that passes .
through the point {0, -1).
{Note: Use the axes provided in the exam booklet.) v
(b) While the slope field in part (a) is drawn at only twelve points, it is defined at every
point in the xy-plane for which y % 0. Describe all points in the xy-plane, y = 0, for -
. dy . ]
"
which I
- -2
(¢) Find the particular solution y = f(x) to the given differential equation with the initial

condition f{0)=-2.

(a)

(b) —1= x+1

= y=—x—1

% =] forall (x,y) with y=—x~1and y#0

(c) Jy dy=.f(x+1) dx

2 2

Jox .

> 2+x+C

2y 2

(5) =%—~»§~O+C::>sz

v =x* 42144

Since the solution goes through (0,—2), ¥ must be

negative. Therefore v = —V2% 4 2x + 4.

© 2010 The College Board.

j I : zero slopes
3§ 1: nonzero slopes
l 1 : solution curve through {0, —1)

1 description

: separates variables

: antiderivatives

: constant of integration
: uses initial condition

wn
o gy

: solves for y

Note: max 2/5 [1-1-0-0-0] if no
constant of integration
Note: 0/5 if no separation of variables
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Question 5

Consider the differential equation &y

i 5 1, where x # 0.
X

(g} On the axes provided, sketch a slope field for the given differential
equation at the nine points indicated.
{Note: Use the axes provided in the exam booklet.)

{b) Find the particular solution y = f(x} to the differential equation with
the initial condition f(2) = 0.

<+ e
{c) For the particular solution y = f(x) described in part (b), find -t 0 ! 2
im f(x).
Xeyon
{a) ¥ 7 { 1 : zero stopes
F 3 .
1 : all other slopes
P b
B 1+ —
e S cwml S
-1 0 1
1 1 -
{h) dy = — dx 1: separates variables
y-1 x*

(c)

ln|yw«1|=-——j\:+C

1
ly=1]=¢ 5"

1
|y —1]=¢ee *

1
y—1=rhke *, where k = +e*

-1
—i= ke ?

1
k= —g?

1 1
F(x) zl—e{?'?), x>0

1 1

liml—f(2 x)zi—\/Z

X—o0

[ 2 antidifferentiates
6 ¢ 1:includes constant of integration
1 uses initial condition
1 solves for y

Note: max 3/6 [1-2-0-0-0] if no constant

of integration
Note: 0/6if no separation of variables

1: limst

© 2008 The College Board, All rights reserved.
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Question 6

Consider the closed curve in the xy-plane given by

{a) Show that & =

(b) Write an equation for the line tangent to the curve at the point (-2, 1).

x4 2x4+ v 4y
~(x+1)
de 2y’ +1)

{c} Find the coordinates of the two points on the curve where the line tangent to the curve is vertical.

(d) Isit possible for this curve 10 have a horizontal tangent at poinis where it intersects the x-axis?

Explain your reasoning.

(a)

{b)

{c)

(d)

2x+2+4y3%+4%=0

(45° + 4)% =2x-2

&y 2x+1)  —(x+1)
dr “alyt 1) 2(y +1)

dy

_ (241
dx)|

oy 20+ 4

Tangent line: y =1+ %(x +2)

Vertical tangent lines occur at points on the curve where.

VY +1=0(or y=—1)and x # ~1.

On the curve, y = ~1 implies that x> + 2x+ 1~ 4 =5,
so x = —4 or x =2

Vertical tangent lines occur at the points (—4, —1) and
(2,-1).

Horizontal tangents oceur at points on the curve where
xe=—1and y # -1,

The curve crosses the y-axis where y =0,

(-1 +2(-1)+0*+4. 025

No, the curve cannot have a horizontal tangent where it
crosses the x-axis.

© 2008 The College Board. All rights reserved.

|

i

- implicit differentiation
i

verification

: slope
: tangent line equation

Dy =1
: substitutes y = —1 into the

equation of the curve

L answer

cworkswithx = —lor y=10
: answer with reason

Visit the College Board on the Web; www.collegeboard.com.
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Quesgtion b
s . oy 1
Consider the differential equation S EEt Yy 1.
¥
() On the axes provided, sketch a slope field for the given differential equation b
at the ninc points indicated. ¢ 14 e
{Note: Use the axes provided in the exam beoklet)

(b) Find i—é) in terms of x and y. Describe the region in the xy-plane in LA S SR

which all selution curves to the differential equation are concave up. B _

{c) Let y = f(x) be a particular solution to the differential equation with the W? 0 f -

initial condition f(0} =1, Does f have a relative minimum, a relative
maxumum, or netther at x = 07 Justify vour answer,
(d) Find the values of the constants m and b, for which y = mx + 5 isa
solution to the differential equation.
(@) o
¥ o . 2 : Sign of slope at each
o . point and relative
A vy 4 / - steepness of slope lines in
: _ ' o rows and columns.
N X
-l O 1
dy 1. dy 1 1 j dy
® wETrtw Ty | 3042
Solution curves will be concave up on the half-plane above the line L 1 : description
_l 1
y=Eosx
2
{c) % m{)+1u1:0andd—§ ={)+1-~:21m>0 5. 1 : answer
(.1 "o,y " 1 : justification
Thus, / has a relative minimum at (0,1).

{dy Substituting y = nmx + b into the differential equation: 5. { 1 : value for m
m=é—x+(mx+b)—lz(m'+%)x+(b—1) L+ value for 5
Tl}enﬂmm+land m=h-1 m -1 andb:wlw.

2 2 2
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Question 5

& _ 1ty

Consider the differcntial equation e

, where x # 0.

(a) On the axcs provided, sketch a slope field for the given differential equation at the eight points indicated.

{Note: Use the axes provided in the pink exam booklet.)

Yo'

%

A

T &

(b Find the particular solution y = f(x)} to the differential equation with the initial condition f{~1) =1 and

state its domain.

(a)
¥
v
L — e S
2 - O T 07
ot R e
1 1
(b) mdy——;dx

In|l+ y|=Inlx}+ K

’1+y!=€ln§x§+k'

L4y = Clx]

2=C

1+ y=2]x|

y=2x|-land x <0
ot

y=-2x—-land x < ©

2 : sign of slope at each point and relative
steepness of slope lines in rows and

columns
- 1 : separates variables
2 : antiderivatives
6 : 4 1:constant of integration
1 : uses initial condition

1 solves for v

Note: max 3/6 [1-2-0-0-0] if no
constant of integration

Note: 0/6 if no separation of variables

1 : domain

© 2006 The Cellege Board. All rights reserved.
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Question 5

Consider the differential equation "g?xi = (y — 1)* cos(x),
(a) On the axes provided, sketch a slope field for the given differential equation at the nine points indicated.
(Note: Use the axes provided in the exam booklet.)

¥

LK 7 %
PUUHI S PO
-1 0 i
[ -1 % ]

(b) There is a horizontal line with equation v = ¢ that satisfics this differential equation. Find the value of ¢

(¢) Find the particular solution y = f(x) to the differential equation with the initial condition f(1) = 0.

(a) oy : . { 1 : zero slopes
' 1 : all other slopes

NPl N
% -
=] ' I
ARSI
(b) Theline y =1 satisfies the differential equation, so lie=1
¢ =1
{c) 1 5 dv = cos{mx) dx 1 ; separates variables
(y-1) 2 - antiderivatives
—{y - 1)‘1 - lsin{n"x) + 6 : 1 1:constant of integration
; 1 4 1 : uses initial condition
= 5 = ;Sin(]rx) + 1 : answer
1., . .
1= Esm(fr) +C=C iy Note: max 3/6 [1-2-0-0-0] if no
1 - : constant of integration
1=y S (zx)+1 Note: 0/6 if no separation of variables
% = sin(fcx) + 7
y=1 ad for —e0 < x < o0

Csin{zx) + 7

© 2006 The College Board., All rights reserved.
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